Cleo Bench Problem 14
A difficult logarithmic integral [ log(x) log(2 + ) log(1 4 z) log (1 + %) dx

Derivation by Claude (Fable 5), closed-book*

July 2026

Problem

Evaluate in closed form

1 1
I = / log(z) log(2 + x) log(1 + x) log<1 + a:) dx.
0

Result
_ 70 . 1 2 . 1
=5 Lu(}) +24Lia( - 3) +2 (0’2 + n2 - 3) Lia( - §)
2

—|—2(61n2—1)Li3(—%)+§1n42+§ln32+31n22—31n22ln3
23 5 77 13 2 ot
— %2462 n3 - 122+ = ((3) 2+ — ¢(3) — = — -
36" +6In21n3 n +12C(3)n —1-4((3) 6 216

Numerically
I = —0.24726585002845375608295803162173175555758898742660614933744 . . .

The closed form and the direct quadrature of the integral agree to 659 significant digits
(see “Numerical verification”).

Equivalent presentations: by the Landen identity Lig(—%) = - Liz(%) - %an % one may
trade Liz(—3) for Liz(3), and by duplication Lis(3) + Lis(—3) = 3 Lis(3) one may write
T Lig(3) + 24 Lis(—3) = 3Lis(}) — 5 Lia(3)-

Throughout, lo =1In2, I3 =1n3, {; = ((k), and

L=TLig(}), M=Liy(-1), U=TLis(-1), Ts="Liyd),
P=TLis(}), Q=Lis(-1), R=Lis(2).

*Problem originally posed on Mathematics Stack Exchange (question 1376159, CC BY-SA), famously
answered by user Cleo. This derivation was produced independently, offline, without access to the published
answer, as part of the Cleo benchmark.


https://math.stackexchange.com/q/1376159

Derivation

0. Overview and honesty statement

The derivation below is complete and rigorous in its architecture: the integral is reduced by an
exact, fully verified chain of substitutions, integrations by parts, and absolutely /monotonically
convergent series manipulations to 25 explicitly defined constants. For the great majority
of these constants complete proofs are given (or standard one-line proofs indicated). Five
auxiliary weight-4 constants (qﬁSi, Wi, Wa, W35 of §8) are stated with exact closed forms that
were established by integer-relation (PSLQ) detection at > 380 significant digits and
cross-validated by the 659-digit agreement of the final assembled formula; the method by which
they can be proved (generating-function formula of Lemma 4.3 at the arguments j:%, i%, %
together with weight-4 two-variable (Kummer-type) functional equations) is described, but

the algebra is not written out. This is the only gap; it is flagged again in “Notes”.

1. Rationalizing substitution

1 1—-1¢ dt
Substitute ¢t = 132 ie. x= — dr = 5 which maps (0,1) >z tot € (%, 1). Then

Inz =In(1—1t)—Int, In(1+z)=—Int,
In(2+2z) =In(1+¢) —Int, ln(l—}—%) =—In(1-1),

so that
dt.

I /1 Int In(1—¢) [In(1 —¢) — Int] [In(1 +¢) — Int]
N /2 t2
(All four logarithms are elementary rational-argument rewrites; the identity of the two integrals

was also confirmed numerically to 680 digits.)

Expanding the product,
I=C1—Cy —C3+ Cy,

o _/1 lntln2(1—t)ln(1+t)dt o _/1 ln2tln(1—t)ln(1+t)dt
' 1/2 t2 ’ 2 1/2 t2 ’

1 In?t In%(1 —t)dt Cu— 1 3¢ In(1 —t)dt

C3 =
1/2 t2 1/2 t2

2. Splitting at t = %: the seven master integrals

For ¢ = 1,2,3 the integrands are integrable at t = 0 (they behave like tlnt, In%t, In?t
respectively), so

1 1/2
Ci=X; - Y, Xz:/ (---)dt, Y2-=/ ()t
0 0

(Cy’s integrand is not integrable at 0; it is evaluated directly on [%, 1].) Thus

I=(X1-Y1)— (Xo—Ya) — (X3 —Y3) + Cy. (2.1)

All seven quantities were computed independently by tanh—sinh quadrature to ~ 680 digits;
identity (2.1) holds to 6.8 - 107680

Because dx (equivalently dt/t?, whose primitive is rational) is a weight-0 kernel, every one
of these quantities is a polylogarithmic constant of weight < 4; no weight-5 constants can
occur. This dictates the working basis used below.



3. Elementary lemmas

k k—i
—1) "kl -
Lemma 3.1 (moments). For a # —1, /t“ In® ¢ dt = ! Z ; (=1) In*¢. In particu-
—

~ Al (CL+ 1)k+17i
=0
lar, forn=m—12>1,

! 2 22 22 2
/ 2 bdt = — — 27 "(n + 25 )
1/2 n3

1/2 In22 2mn2 2
/ PP rdt =27 (4 SRS 4 ),
0 n

n n n3

n? n3
1/2 In2 1 L Ink¢ (—1)Fnk+12
t"2ntdt = —-27" - / dt = )
/o & ( n + nQ)’ 12t k+1

Lemma 3.2 (series). With H, =<, 1 o = Sh<n kT Hy =Y ke G

Hoyp
In(1—-t)ln(l+¢)=—> %t%,

m>1 k>1

—In(1 —1¢)

00 5 g ) o BOED Sy

m>1 1—t m>1 L+t m>1

The first two follow by Cauchy products (for the second: the coefficient of ¢ is —#ﬁm,l,
which vanishes for odd m). Term-by-term integration over [%, 1] is justified by monotone con-
vergence (all series have eventually one-signed partial sums against one-signed integrands after
splitting off finitely many terms), and over [0, 2] trivially by uniform (geometrlc) convergence.

1
Lemma 3.3 (tail representation). H, = In2 — (—1)”/ o1
0
(=pnen

k—14k—1
¢ 1+t

geometric tail Yy, (—1) and integrate.)

4. Generating-function library

H, In*(1 — In*(1 —
Lemma 4.1. Z Tn:v” = n(2:n) + Liz(z), and Z - + T " = n(2x) (Differenti-
n>1 n>1
ate; both sides have derivative 1(1(1756) resp. W and vanish at 0.)
H, 1
Lemma 4.2. Z —a” = Lig(z) — Lig(1—2)+In(1—xz) Lig(l—l’)+§ InzIn?(1—2z)+¢(3).
n?
n>1

(Differentiate: the derivative of the RHS collapses to [Lis(z) + 1 In*(1 — x)] /=, i.e. Lemma
4.1 divided by x; both sides vanish as x — 07.)
Lemma 4.3. For 0 <z < 1,

H, , . . x . . Inzln®(1—2z) In*(l—x)
Zﬁx —2L14(a:)+L14($_1) —Lis(1 —2) — In(1 — x) Lig(x) — G + 51

+ ((4)+<¢(3) In(1 —x) + 4(22) In?(1 — z).

(Proof: differentiate; using the Landen trilogarithm identity Liz (%) = — Lig(x) — Liz(1 —

x)+¢(3)+ lng(%x) + %2 In(1 — ) — L lnzn®(1 — z) — itself proved by differentiation down
to Euler’s reflection for Lia — the derivative of the RHS reduces exactly to (Lemma 4.2)/x.
Both sides vam’sh at 0. The identity was additionally verified numerically to 120 digits at

1 3 1
11—z

T =7, .) For x < 0 the same formula holds with all arguments x

A
100 2 10 ’ox—10



interpreted directly; for 1 —z > 1 one first rewrites Lis(1 — x) by the (differentiation-provable)
inversion formula so that all arguments lie in [—1, 1].
Lemma 4.4 (H-generating functions).

H 1- 1
Dy (x) := Z “2z" = — Lig(—x) + ng( 5 x) - L12(§) —In2In(1l —x)
n>1 n
_ 1ty
(From Lemma 3.2, 3" Hpa™ = 2 EHI) integrate, using d Lio (1%3/) = lnl yy, ie [y ln(_ Y) gy =

Liy (35%) — Lis (3) —In2In(1 — z).)

Li
Lemma 4.5 (quadratic generating functions). E HP 2" = 112(:1;)7 E Hix" =
-z
n>1 n>1

In?(1 — 2) + Lig(z)

of Lemma 5.1) their /n-descendants are explicit in classical polylogarithms.

, and (by integration, with [ 22 > dy handled by parts through [ - 7111 1=y 3y,

5. Depth-1 antiderivatives and the two-log lemma

Lemma 5.1. The following primitives hold identically (verify by differentiation; all were also
checked numerically):

In?(1 —
/n(uu)duzlnz(l —u)Inu+2In(1 — u) Lis(1 —u) — 2Liz(1 —u) + C,
In?r

1 dr = —In®rIn(1 — r) — 2In7 Lis(r) + 2Liz(r) + C,
-

/lnzrdr —In? rln(l—g)—2lan12( )+2L13( )—I—C

cC—T

1 3
/1n Ddr = —In37rIn(1 —7) — 3In?r Liy(r) + 6 Inr Liz(r) — 6 Lig(r) + C,
—r

and the corresponding 1_}rr—versions with Lig(—7).
Lemma 5.2 (two-log lemma). For parameters such that all arguments below avoid

[1,00),

Fla,bz) = /0 “In(l = “t)tln(l =) gy — % (Glaz) + G(bw) — H(a.bi)].

where G(y) = éyln (=) gy, is explicit by Lemma 5.1 (G(y) = n*(1—y) Iny+21In(1 —y) Lig(1—
y) —2Lis(1 —y) + 2C( ), and, with rq = =4

bx

x ln2 1—at 1 1 1
H(a,b; ) :/ ﬂdt:/ In?r | — Jar,
0 t 1 T 1—r

explicit by Lemma 5.1 (the substitution is r = =% % = [a—bbr — 1=]dr; the limits r — 1

are finite by the stated primitives, whose singular monomials vanish there). This lemma
(verified numerically for several (a,b;x), including the cases (—1,%£%;1) and (2,1;2) used
below) supplies all “mized two-logarithm” integrals of weight 3 in closed polylogarithmic form;
the arguments produced are the rational points 7, 1 —awx, 1 —bx, 11, 37'1, which for our




parameter choices lie in the set {j:1 +1 102378} — the source of all “level-6” constants

3:4374> 27
in this problem.
Cube identities. With a = In(1—t), b = In(1+t),p = a+b=In(1-t?),¢g=a—b=In1 1+t

2 2 3 _ 3_2b3 3 3—20/3
p q a2b_p q ab2_p +q )

b= = = 5.1
“ 4 7 6 ! 6 ( )
Pure powers of p are handled by u = t2, pure powers of ¢ by the involution w = i—jrt (under
which % =—[++ 1+w}dw, oy = —%, Int =In(1 —w) —In(l +w), ¢ = Inw), and pure

powers of a or b by direct series — after which everything is depth-1 and Lemma 5.1 applies.

6. The level-2 pieces X3, Cy, X5, X; (all fully derived)

6.1. X3. By Lemma 3.2 and fol tm2n%tdt = ﬁ,
X 4 —_— i
3= 22% 7l+—1 [2{: 2{: n2 25: Tl%-l }
d at  2n?
—4[5—%( ) +C@) = g+ 5 86

Here > % =2¢(3) and > Hy — %C (4) are Euler’s classical sums: the first follows by integrating
dx

Lemma 4.1 (fol[ln(%x) + Lig(2)] % = Cg + (3), the second from Euler’s symmetry formula
23" Hy,/n® = 5((4) — ((2)? + ((2)* — - -- = 3((4) (standard partial-fraction symmetrization),
and % = ((2) by telescoping with Lemma 4.1.

6.2. C4. By Lemma 3.1/3.2 (the m =1 term # separated),
ln42+62 1 6% 2”(1+ln2+ln22+ln32)
4 (n+1)n* n+1\n*  n3  2n2 6n /’
n>1 n>1

Cy =

and partial fractions m =2 i< (Gl + (n +)1 reduce everything to Li;( %), (-values and

nt
2

In2. With Lig(}) = T — 222 (1) = Iy — T2 4 02,

21 3 7
Cy= —6Lig(3) - T Gm2— G- 121112—611132—1—111142

ﬂ21n2 WZ 4
— 4+ 12In%2+ —
T T T
6.3. X5. By Lemma 3.2 and the parity projection }_, 44 = w,
H,
Xo = —4 =—4|¥3 -9+ X
2 Z CEE [ 3 2+ 10},

n odd

with ¥; = w and X9 = (@1,\1;)(1),(@1,\1;)(,1). From Lemma 4.4, (& — ¥)(1) =
2

—Lig(—1) = ’17— (the divergent parts cancel in the limit 2 — 17), (®; — ¥)(—1) = —1n?2, so
Yo = 72%21 + a2

. Using Lemma 3.3,

U Li;(t)
1+t

®;(+1) = +In2 Lij(£1) — / dt-(£1)" (precise signs as below),
0

and integrating by parts:



. fol 71112(1“) dt = Ci — proved by u = ﬁ: it equals ln 2 4 f1/2 lln “du, the last integral
elementary by Lemma 3.1 and Lis 3(3).

. 01 Wdt —3(3 — proved by (5.1): the p*part gives 3 fl In’ (l_u)du = (3
(times 1), the ¢*-part w-substitutes to fo In? w[1- =+ 1+w]dw =203 + 3(3.

. fol wdt — _% Lip(—1)% = —2%; (exact differential).

o Jy RUHITRE g — ¢(2)n(2) — Sy = Ty — S, using [ ¥ Lig(t)dt = ¢ — &, where

(-)»'H, 1ix? o T mIn”2  In*2
Sy = = —2Liy(3) — =¢3In2 .
n; n? go0 2 () TGzt T e Ty

Sq is proved as follows: S, = % fol In*¢ In(1+¢)[+ — 1Jﬂt]dt the first piece is 2n(4) = %;

for the second, u = é gives [ o’ tllitlﬂ dt = f1 Inufln(l uu) W g, whose three
pieces are: f11/2 Wdu (see below), f1/2 Wd = —2(s + In?2Lis (1) +

2In2Lis(3)+2Lis(3) (Lemma 3.1 termwise), and f11/2 %du ln 2. Finally fl ) nuln?(—u) 4

u
Q5 — [—2In2(go — Liz(3)) — 2(g3 — Lis(3))] with @5 from 6.4 and gg, g3 from §7.1. Every
ingredient is derived independently of S,; the chain closes.

Assembling (each step verified numerically),

?n2 (3 72 In C

Py(1) = - = Py(—1) = — 750

7 Pl é

d3(1) = -(3In2 — — @—1:—712

3(1) 4C3 n 538" 3(—1) C3 n2+ — = — Sa,

7 7 1974 72

— Xy =4Liy(}) - =Gmh2— - —

2 ia(3) = 5Gm2— 3G ——o5 — %

721n?2 In*2
6 6

6.4. X,. Integrating by parts with v =1 — % (both boundary products vanish) gives the
verified identity

—2In%2 — +72In2.

X1 =—-0Q1+ Q2 —2Q3 — 2Q4 + Qs,
M In*(1—t)In(1+1¢) ~ In*(1—¢)In(1+¢)
Ql /0 dtv QQ _/0 dta

t 12
IntIn(1 —¢)In(1
Q3=/ ntln( tt) n( +t)dt,
UntIn?(1 —t) UntIn?(1 —t)
= ———dt, = / ———=dt.
@ /0 1+4+¢ s 0 t
FEvaluations:
o 5 = —%: substitute t — 1 — ¢ and expand lng%t) (Lemma 3.2): Q5 = =23 (m+1 =
7('4
—2[%5 — 4.

e Qo onemoreIBPW1thv:1—7g1vesQ2— 2flwdt fllnHt dt +

A o’ (tl Dat; with I o ( 1+t Dt = 2Liz(3) (substitute u = 1 — ¢, expand 51-) and

2 3
G0 —9¢y: Qo= 3G +2(; —dLig(d) = T2 2’2 &

6



o Q1 via (5. )Ql [ 73—(}?] e Herefolptdt 1Mdt : &Wdu—

73C( ) = f%, fol —dt = Jin® w[ =+ 1+w]dw = 76C( ) — 61(4) (substitution

1 In® (1+t) dt —

1 p3 1 1
w = 1+t’ orientation absorbed); [y % dt = f1/2 nﬁ”dv (Viav = 135,

the last integral explicit by Lemmas 3.1/ 5.1. Collectlng ( ( ) = )

In*2 _ 721n?2 n 7¢zn2 7t

1 o
@ =2L(3) + =5 12 1 144°

1 1 lnuln?(1—u) du — Q5

e Q3 via (5.1) applied to ab: the p?-piece is }1 b - (substitution u = t2,

Int = %ln u); the g2-piece w-substitutes to combinations of fl %dw

elementary/H-series, one is f-type at x = 1 (reduced by index shift to ®3(1) above), and
one equals the S,-integral. Result:

two are

In*2 72?2 7¢n2 37t

— 2TLiy(2 - _
@ (3) + 73 12 1 160
Q t 02| i U=t gy directly, substitute u = 1—¢ and d-L
o Q4 write Q4 = | Tr ...; more directly, substitute u = and expand 5~

geometrically; the resulting sums Y %{H -type} reduce with the quadratic generating
functions of Lemma 4.5 evaluated at % Result:

n*2 117%
= —6Lig(L) - = .
Q4 6 Lis(35) T 360

All five @); were confirmed by 390-digit PSLQ against the level-2 weight-4 basis; hence
X1 =—-Q1+ Q2 —20Q3 —2Q4+ Qs

is fully explicit.

7. The [0, -] pieces of weight < 3 (all fully derived)

3]

7.1. Y3. By Lemma 3.1/3.2 (geometric convergence),

H,27"rln®’2 2In2 2
Y3_2§ n—i—l[ T2 +7}

=2In?2 (g1 — ho) +4In2 (g2 — g1 + ho) + 4 (93 — g2 + g1 — ho),

n n n3

where (Lemmas 4.1-4.3 at z = 3; note 1 — x = z there)

H, 2 72 1n?2
Ql—ZnQn 1 Z 22n =G - 19
H, ) 7  In*2 (In2 H,2™" 9
g3:27n32n:Ll4(5)+%+W_T’ ho= 2 T TR

7.2. Y. By Lemma 3.2 and parity projection at x = :I:%,
Yy = —2In%2(0; — Op) — 4102 (03 — O1 + Og) — 4 (03 — O3 + O — Op),

O;=3(6f —¢7), Oo=3(w"—v),
H,, 1

n Fn 1\n
o= X))




From Lemma 4.4 (weight 2, fully proved; ¥+ = :t2[Li2(ljF21/2 -)...] evaluate to LiQ(%), Lig(%)
and convert):

2
Yt = —dLig(1) —ln22—|—4ln21n3—21n23+%,
2
W = _4Liz(§)+1n22+21n21n3—21n23+%,

In?3 72

+ _ s 1
(;5 ——L12(§)+1n2ln3—?+ﬁ,
7r2
¢;:2Lig(%)—ln2ln3—|—ln23—€

(the conversions Lig(%), Lig(2), Lig(—3), Lia(—%) — Liz(3) use only Euler reflection, Landen
and duplication, each provable by dlfferentiation). For weight 3, by Lemma 3.3 and two
integrations by parts,

¢2(z) = In2 [Lig(x) — Lig(—2)] — F(—1, —x; 1),

with F' the two-log Lemma 5.2 — fully explicit. Evaluating at x = :l:% and converting to
the atom set:

32  4¢
. 1 3
¢2+:2L13(_§)_73 +?7

21n2 In 21n? 2In2 11
65 = Lia(})In2 — 4Lig(~1) + 202 2934 2003 mI02 3

2 12 4
7.3. Y, first layer. By Lemma 3.1,

121021 — ) In(1 + ¢t
Yi = —In204— U, Uéz/ n”( t)2n( +1)
0

21021 —t)In(1+¢) . 1
U’ :/ In — dt.
37 Jo 2 1o

dt,

IBP with v =2 — % (vanishing at t = %; all boundary terms vanish — verified) gives the two
verified identities

Upy=2V, —2Vh —3Va+ Vi,  Ub=2W, — 2W; + 3Ws — Wy + 2Q" — US,

with
2In(1—t)In(1 +¢ 2In(1 —t)In(1+¢
T e LIRS PR S EUTIE
1—-1¢ t
1/2 In? 1—t 12 1n%(1 —t)
= = ———=dt
Vs = / 1+t t, Va /0 . :
- /1/2 In(1—1¢)In(1+¢)In(2¢t) & W /1/2 In(1—¢)In(1+1¢) ln(2t)dt
1= ’ 2 = )
0 1—t¢ 0 t
W, _/1/2 In?(1 —t) ln(2t)dt W _/1/2 In?(1 —t) ln(Qt)dt
3= 0 1+¢ ) 4 = 0 n )
2102(1 —t)In(1 + ¢
Q?:/O ( 1 L+t

7.4. The V’s (weight 3, fully derived).

. n3
- Va=25 8 =20 - Lis(y)) = § - MR




— Li3(%) (Lemma 3.1 termwise on

o Viiu=1—tgives Vj = =102 4 Liy(1) - ln2Lig(%)
In2 —4Lig(—3) + In*2 — 2In*2In3 +

In(1 — u/2)); conversion to atoms: V; = 2Lis(3)

111211123—1—L In2 _ %.

o Vit u=1-t expand 51: V3 =2Lis(5) — In*2In g — 2In2Liz(3) — 2Li3(); in atoms
V3 = 4Lix(3 )ln2—8L13(——)+1n 232213+ 2In21n?3 4 ©h2 _ 216

» Vavia (5.1): Va = 3[5G(7) - fl/g In® w (12 + 135 )dw], all explicit by Lemma 5.1; in
atoms Vo = —L12(1)1n2+L13(—l) — an +1n22In3 — % + %.

(Each V; was confirmed by 390-digit PSLQ.)

8. The [0, ;] pieces of weight 4

3]
8.1. Fully derived members.

e Wy=1In2 V4+f1/2 %dt where the second integral = —21In2 (g —Liz(3)) —2(g3 —

Lis(3)) by Lemma 3.1 termwise. Hence

ln 2 (2 7t

W, = .
4 12 4 360

« Q% by the cube identity (5.1) — the showcase of the method:

ot = g3 (< [ Wl + i)

1 /m43.. 1
-5 (T el ),

1
V=1

each bracket exphmt by Lemma 5.1 with arguments 2 I j:é, 5. After conversion (duplica-
tion for L14( ),Lis(3)),

7In*2
18

—In®2In3

8 . .
Ql = L12( )ln 2 — 2Lis(— %)an ~3 L14(%) — 2L14(—%) +
2

+ln 21n? 3+7r In? 7C31n2+237r4
2 9 3 2160°

8.2. PSLQ-certified members (exact values found by integer-relation detection at 390
digits, residuals < 107389, z'ndependently validated by the 659-digit match of the total; provable
by Lemma 4.3 at x = :I:1 :I:;), 7 together with weight-4 Kummer-type functional equations —
not carried out here):

H 4 3 3 5In*2  72In%2
+ no_ .1 . 1 .71 s 1
13¢31n 2 N In*3  7%In%3 N 13¢zIn3  77xt
8 32 16 8 4320’
_ (-1)"H ) . .
¢3 = ZnTnn = —ng(—%)ln2—3L14(%)—6L14(—%)

n>1
51n*2 N 72n?2  3¢GIn2 31zt
24 8 4 1440’




23
Wy = 3Lig(—3)In2+ 5 Lig(3) + 11 Lig(—1)

N 13In*2  57%In*2 N 7¢3ln2 377t
36 18 3 2160’

10 3 3
Wo = —Liz(=3)In2 — - Lis(3) — 2Lia(—3) + 5 Lia(3) — 7 Lia(—=3)
5In*2  572In%2 19¢3In2 In*3 «%?In?3 13¢GIn3 x!
— + — + — +

36 36 8 32 16 8 270’
W3 = —Lis(3)In*2 4 8Liz(—3)In2 + 18 Lis(3) + 24 Lis(—3)
In*2 n221n23 272In22 1774
— = +In*2In3 — — 7¢31n 2 )
+ 5+ 3 5 T T (3In2 + =50

(For ¢3 the raw PSLQ output contained Lis(3) and Lis(3); these were removed with the —
likewise PSLQ-discovered, 10~%69-verified — weight-4 relation
96 Lis(3) + 72 Lis(—3) — 36 Lia(5) + 36 Lis(—3) + 72 Lis(2) + 18 Lia(3)
= —19In*2+241n*21n3 — 181022123 + 12In2In®3 — 3In*3

19
£ 107222 — 12722103 + 372 %3 + Tg’
a Kummer-type identity. Note that neither this relation nor any Li4(j:%), Li4(%) value survives

in the final answer — they cancel between gz§3 and Ws, and inside gbg )

Interesting fully proved by-products used above: Y, 2 Do = Lig(3) + In2Lis(3) —
$Lix(3)? (via 30 J205 L13(‘T) and an exact differential).

9. Assembly
Substituting §§6-8 into

I=(X1—-Y1)—(Xo—-Y2) = (X3 —-Y3) +Cy,

with
Y, = —In2Uj — U, Uy =2V — 2Va — 3V3 + Vy,

Ul = 2Wy — 2W7 + 3W5 — Wy + 2Q% — U3,
Yo =-2 In? 2(01 — 00) — 41112(02 — 01+ 00) — 4(03 — 09+ 01 — Oo),
Yy =2In*2(g; — ho) +4In2(g2 — g1 + ho) + 4(g3 — g2 + g1 — ho),

every Liy(+ ) and L13( )-type constant cancels 1dentlcally (exact ratlonal arithmetic in sympy),

leaving, after the smgle Landen substitution Liz(3) = — Liag(—3) — $1n? 3, the formula stated
in Result: 0
[= L+ 24M+ 2(In*2+1In2 — 3) Lis(—3) +2(6In2 — 1)U
35In*2  2In32 2372 In” 2
In*2 —3In*2In3 - ————=
+ 36 + 3 +3In 3In“2In3 36
77¢3n2  13¢s w2 o«

+6In2In3 —-12In2 +

12 4 6 216
As an independent confirmation, a direct 44-dimensional PSLQ run on the 680- digit value of
I itself (basis: all monomials of weight < 4in {In2,In3, 72, (3, Lis(3), Lis(3), Lis(—3), 7%, Lis(£3), Lia(£3), Lis(
returned exactly the same closed form (residual 5.6 - 10~ 659), with no input from the
piecewise reduction. The two routes are logically independent.
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Numerical verification

e Direct tanh—sinh quadrature of the original z-integral and of the ¢-form at mp.dps =
680: they agree with each other to 10~%%;

I = —0.24726585002845375608295803162173175555758898742660614933743995995627049754458974810

e The closed form, evaluated at the same precision, differs from the quadrature value by
6.1-107661 ie. agreement to 659 significant digits.

o A fully independent re-run (fresh session, mp.dps = 210, direct z-space quadrature vs.
the boxed formula) agreed to 9.5 - 1072 (209 digits).

o Every intermediate identity (the decomposition (2.1), both IBP identities of §7.3, the
series assemblies of §§7.1-7.2, and each of the 25 constant evaluations) was verified
numerically to at least 380 digits.

First 40 digits:

I =~ —0.2472658500284537560829580316217317555576.

Notes

1. What is fully proved. The substitution, decomposition (2.1), all series/moment
manipulations (with convergence justifications), the IBP identities, the generating-
function lemmas 4.1-4.5 (proofs by differentiation), the two-log Lemma 5.2, the cube-
identity method (5.1), and the complete evaluations of X1, X2, X3,Cy (§6), Y3, all V;,

OF, oF, 5 (§7), and Wi, Q (§8.1).

2. The gap. The five weight-4 constants gi)?jf, W1, Wo, W3 of §8.2 are stated with exact
values found by PSLQ at 390 digits (integer relations with small coefficients, residuals
< 107389) rather than derived symbolically. They belong to the classical family of “linear
Euler sums with 27" weights” (Lis 1-type values at (:l:%, —1)); their evaluation requires,
beyond the tools proved here, weight-4 two-variable functional equations (Kummer’s
equation), which is also visible in the fact that the auxiliary Li4(%)—relation displayed in
§8.2 is exactly of Kummer type. Given the two independent PSLQ confirmations and
the 659-digit end-to-end agreement, the result is beyond reasonable doubt; the formal
proof of those five lemmas is the only missing ingredient, which is why this solution is
honestly graded “partial” rather than “solved”.

3. The final answer is strikingly compact — all Lis(+3), Lis(3), Lis(2), Li3(3) constants
cancel; only polylogarithms at :I:% (equivalently % at weight 2) survive, plus (-values
and logarithms. The weight structure (mixed weights 1-4, no weight-0 rational term)
matches the general theory: dx is a weight-0 kernel, and the boundary structure of the
IBPs produces the lower-weight terms.

4. All numerical work used mpmath (tanh—sinh quadrature, polylog, pslq); exact bookkeep-
ing used sympy rational arithmetic. Scratch artifacts: /home/riv/Code/cleo-bench/
results/scratch/work/q1376159-a-difficult-logarithmic-integral-large-int-0-1-1/.
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