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July 2026
Problem
Evaluate in closed form
00 2T dx
I :/ arctan , I ~ 3.38058252844534697939535922162769 . . .
0 x—lnm—{—ln% z+1

(The arctangent is the principal branch. Since x —Inx > 1 on (0, 00), the argument of arctan
is positive everywhere, so the integrand takes values in (0,7/2).)

Result

2 2
7r2—|—(1—1n%) o A7? +41n %

I=ml
o 1—}—%2 TR

Numerically I = 3.3805825284453469793953592216276992165696856825906055108192183 . . .,
matching the posted value; my closed form agrees with direct high-precision quadrature to
130 significant digits.

Derivation

Throughout put

do(r) =2 —Inx+a (x> 0), aozlng%0.4516.
Since ming~o(x — Inx) = 1 (attained at = 1), we have ¢,(x) > 14 a > 0 for every a > ag.
Step 1. A parameter family and differentiation under the integral

Define, for a > aq,

oo 2 dx
I(a) = tan—— —— I=1 .
(a) /0 arc an¢a($) 1 S0 (ao)

*Problem originally posed on Mathematics Stack Exchange (question 1150822, CC BY-SA), famously
answered by user Cleo. This derivation was produced independently, offline, without access to the published
answer, as part of the Cleo benchmark.


https://math.stackexchange.com/q/1150822

Convergence and the limit ¢ — co. Using 0 < arctany < min(3,y) for y > 0 and
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0< ¢ T 1 < 1 . <7r 2 ) (@)
arctan : min( —, —— ) =: g(x).
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g is integrable on (0,00): near 0 it behaves like ] (bounded), and as x — oo like
—Inz

27 /x?. Hence each I(a) is finite, and since arctan ¢3&) — 0 pointwise as a — oo, dominated

convergence gives

Jim I(a) =0. (1.1)
2 2
Differentiation in a. For fixed =z, ﬁ arctan ——— — — 27r 5, and for all a > ag
da ¢o () ¢o(r)? + 47
27

2
0, arctan W)

x+1 = (2 + 1)(Pay ()2 + 472)’

which is integrable in x (bounded near 0, ~ 27/x at co) and independent of a. By the
standard dominated-convergence criterion, I is C! on [ag, 00) with

dz
z—Inz+ a)? + 472

I'(a) = —2¢T(a),  T(a):= /Ooo T (>0).  (12)

By the fundamental theorem of calculus and (1.1) (the improper a-integral exists by monotone
convergence, T > 0):

I = I(ag) = 27 /OO T(a) da. (1.3)

Step 2. Closed form for 7'(a) by a keyhole contour

Fix a > ag. Let log, be the branch of the logarithm on Q := C\ [0, 00) with arg z € (0, 27),
and set
U(z) =z —log, z+a, z € .

¥ is holomorphic on € and extends continuously to each side of the cut: for x > 0,

U(x +1i0) = ¢g(z) (real), U(z —i0) = ¢q(x) — 2mi. (2.1)
Since & L o for real u, (2.1) gives the key jump identit
w—2mi  u?+ 4r? A& 8 y Jump y
1 1 27
x _ - - 2.2
M U(x+1i0) ¥(x—1i0) ¢ ()% + 4m2 (22)

Lemma 1 (zeros of U). For every a > —1 the function U has exactly one zero ((a) in §2; it is
simple and equals

C(a) = e, where v = v(a) € (0, )
is the unique solution of m(v) == —e = e

2
S

Moreover I((a) = v(a) and R((a) = vcotv. In particular, since m(n/2) = 5

((ao) = 5. (2.3)

)



Proof. Suppose ¥(¢) = 0, ¢ € Q. Splitting into real and imaginary parts (log, ¢ = In|(| +

iarg, (, arg, ¢ € (0,27)):
In|{|=RC+a,  arg,(=SC. (2.4)

If ¢ < 0: for ¢ on the negative real axis arg, ( = 7 % 0 = Q¢; for ¢ < 0 we have
arg, ¢ € (m,2m) while I¢ < 0 — in fact S¥(¢) = I — arg, ( < —7 throughout the open lower
half-plane. So necessarily 3¢ > 0, whence arg, ¢ = Arg¢ € (0,7) and v := 3¢ = Arg ¢ € (0, 7).
Writing ¢ = re®™, the identity I¢ = rsinv = v forces r = Sy S0 ¢ = Sizye"” and R¢ = v cot v.
The modulus equation in (2.4) becomes In ;- = vcotv + a, i.e. m(v) = e*. Conversely, if

m(v) = e® with v € (0,7) and ( = =%-€', then log, ¢ = In =% + v and

sin v sinv

V() =vcotv+iv—In*—- —iv+a=a—Ilnm(v) =0.

sinv
Uniqueness: on (0, ),

1 1— t )2
*lnm(v)Zf—2cotv+UCSCQU:U+w >0,
d’l) v v

(using vesc?v = v + vcot? v and completing the square), so m is strictly increasing, with

m(07) = e~ and m(7~) = +o0; thus m : (0,7) — (1/e,00) is a bijection and e* > 1/e has a
unique preimage. Simplicity: U'(¢) =1 — % # 0 because ¢ ¢ R. O

(Equivalently (e=¢ = m(v) = €%, i.e. ((a) = —W_1(—e?) in Lambert-W notation; (2.3) is
the classical W(—n/2) = iw/2. The Lambert-W language is not needed below.)

Keyhole integration. Consider G(z) = meromorphic on 2} with simple

(z4+1)U(2)’
poles only at z = —1 and z = ((a) (note ¥(—1) = —1 —imr +a # 0 and —1 # ((a)). Take
the standard keyhole contour I'c g ,,: the segment just above the cut at height +7 traversed
rightward from |z| = € to |z| = R, the circle |z| = R counterclockwise, the segment at height
—n leftward, and the circle |z| = € clockwise (0 < < € < 3 <2 < R). Q is simply connected
and I is the positively oriented boundary of the enclosed region, which contains both poles
(e<1l< Rfor z=—1;and |((a)] = 2= > 1, |((a)| < R for R large). The residue theorem

sinv —
gives

?{ G(z)dz = 2mi Resl G+ ReCS_G ,
r Z=— z=

11 I _ 1 __ ¢
Res G = = — (log,(—1) = im), E{ng_ C+1)T'(0) - -1’

using ¥'(¢) = C%l

Arcs vanish. On |z| = R: |log, 2| <InR+ 27, so |¥(2)] > R—InR— 27 —a > R/2 for
large R, |z+1| > R—1; the contribution is O(1/R) — 0. On |z| =& [¥(z)| >Inl—e—a — o0
and |z + 1| > 1 — ¢ the contribution is O(e/In 1) — 0.

Edges converge to boundary values. On the upper edge z = x+in: RY(z) =x—1In|z|+a >
z—In(xr+n)+a>1+a—n>0,and also RV(z) > z —In(x+ 1) + a, which grows linearly; on
the lower edge, SV(z) = Sz — arg, z < —m, and again |¥| > |RY¥| gives linear growth for large
x. Also |z+1| > x+1 on both edges. Hence the edge integrands are dominated, uniformly in 7,
by the integrable function [(z+1) max{cy, z—In(z+1)+a}] ! With ¢ = min{l+a—e, 7} >0,
and they converge pointwise to the boundary values (2.1) as n — 0*. Dominated convergence,
then € — 0T, R — oo (the limiting integrals converge absolutely: the integrands are bounded
near x = 0 and O(x~2) at infinity) yield

/ooo [\I!(x:—iO) - \I/(xl— iO)] xcfl = 2mi [a— —ir © C(cf)(;)— 1



Taking imaginary parts and using (2.2):

1 ¢(a)

—21T(a)=21R a—l—i7r+C(a)2—1 )

that is,
l-a ¢(a)
G—af+ @ -1

(Verified numerically to 30+ digits at a = ag, 1, 3, 10; see below.)

T(a) =

Step 3. Integrating over a: an exact antiderivative

Since ¥'(¢(a)) # 0, the implicit function theorem shows ((a) is C! on [ag, o), and differenti-
ating ¢ — log ¢ + a = 0 (principal log; recall 3¢ € (0, 7)) gives

1 ¢
(@)= —5=—"-".
-1 1-¢
Consequently, since 1+ ((a) # 0,
d ¢('(a) ¢ ¢
d "N =R g =R a—oar o - et
hile L lnja—1—inj= — "1 ¢ ing with (2.5): the functi
while I a im| = RS omparing wi .5): the function

@l 1 (@ RC(a)” + (S¢(@)’
a—1—in] 2 (a —1)2 + 72

B(a) :

is an exact antiderivative: B’(a) = T'(a) on [ag, 00). Hence by (1.3)

I=2rlim B(A) - Blao)|. (3.1)
A—o0
The limit at infinity is 0. Let v = v(A4) T mas A — oo and write d = 71—v, s = —vcotv =

veotd > 0, £ = In=*~ > 0 (both positive for v € (7/2,7)), so that A = Inm(v) = £ + s,

sinv

R = —s, ¢ =v € (n/2,7). For 6 < 7/4:

T TA

™ T T 0
= td < < = 6> —> — £ <1 <1 <In— =0(nA
s=veo ~ tand — & = s A’ _nsiné_n(2/7r)6_n2 O(In 4),

using sind > 26 on (0,7/2]. Therefore 1 +R( =1—s=1— A+ ¢ and
2
1 (A-1-024+02 1 ¢ N2 1+ e
BA) = 11| Ao Ly, (1- ) 0
2 (A—1)2+ 72 2 A-1 L+ e | Ao

because //A = O(InA/A) — 0 and v < 7. (Numerically B(10°) ~ —2.07 x 1078 =~
—In(10%)/10%, matching this asymptotic.)
The value at ag. By (2.3), ((ap) = i7/2, so
; 2
14 i 14+ =2
B(ao):hl#:}ln +‘§ .
Inf—1—in| 2 (1-mmZ)* 472




Plugging into (3.1):

1—1n%)2—|—7r2

2
142

I =—-21B(ap) =7ln (

Since 1 —In§ =1In %, this can also be written

72 4+ 1n? 2 472 4+ 41n? 2¢
I:7rlr1727r:7rlm—27r [ |
_|_% 4+

Remark. The problem’s constants are precisely tuned: the shift In § makes the relevant
zero of z —log, z + a land exactly at z = iw/2 (the classical identity (%”)e”/2 = -7, ie.
W(—m/2) =in/2), and the numerator 27 is exactly the branch jump of the logarithm across

the cut.

Numerical verification

All computations with mpmath (verify.py in the scratch directory), at 100-130 decimal
digits.

1. Direct evaluation. Substituting z = e’ (integrand then decays exponentially in both
directions) and, independently, direct tanh—sinh quadrature in x with split points, both
give at 100 dps:

I = 3.3805825284453469793953592216276992165696856825906055108192183062787494273960883 . . .

The two methods agree to all 100 digits, and reproduce the 61 digits quoted in the
problem (residual 6.3 x 1073 = their truncation).

™+ (1-In%)? .
evaluated at 130 dps agrees with the 130-dps
1+72/4

quadrature to relative error 1.3 x 107131 130 significant digits matched.

2. Closed form. wln

3. Intermediate identities checked numerically.

o ((ap) =1im/2 to full precision; ¥,({(a)) = 0 and arg ¢ = 3¢ for a = ayp, 1, 3, 10.

o Uniqueness of the zero: winding-number integral of ¥/ /¥, around the rectangle
[—60, 60] x [0.01, 27 — 0.01] equals 1.000... for a = ag and a = 6.

o Residue formula (2.5) for T'(a): direct quadrature vs. formula agree to ~ 5 x 10773
at a = agp, 1, 3,10.

o Antiderivative: finite-difference derivative of B(a) matches T'(a) to 25 digits at
a=1,5.

« Boundary term: B(10%), B(10%), B(10°) ~ —6.9 x 1073, -1.38 x 107%, —2.07 x
1078 — 0, consistent with B(A) ~ —In A/A.

e Reassembly: 2m [~ T'(a)da (using (2.5)) reproduces I to 60 digits.

Notes

e The derivation is complete and self-contained: differentiation under the integral and
the limits a — oo are justified by explicit dominated-convergence bounds; the keyhole
argument uses uniform lower bounds on |¥| near both sides of the cut (R¥ > 1+ a — ¢



above, |SU| > 7 below) plus linear growth at infinity, so the edge limits are legitimate;

the zero-counting lemma is proved (not assumed) via the strict monotonicity of m(v) =
o€ cotv. the boundary term at a = oo is controlled by explicit elementary inequalities.

The only branch conventions used: log, with arg € (0,27) on C\ [0, c0) (so log,(—1) = i,
log, (z —i0) = Inz + 27i), and the principal arctan. No step relies on recalled literature
values; the Lambert-W identification ((a) = —W_1(—e®) is mentioned only as a remark
and cross-checked numerically.

I am not aware of any gaps. Confidence: very high (rigorous derivation + 130-digit
numerical agreement).



