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Problem

Evaluate in closed form

/2 221 2(q;
7 - / z”log 2(sm x) di.
0 sin“ x
/2 42 : 3
(The original post supplies the companion value / L(Qsmx) dr=mln2— T n2o— 7T—;
0 sin“ x 2 12

we re-derive this from scratch along the way rather than assuming it.)

Result
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equivalently I = m<(3) + W—(an 1)+ T2 224 271 2. Numerically,

8 6

I = 2.08084652714326246266849090286004549406212100731588547858680778590266 . . .

Derivation

Throughout, log = In is the natural logarithm. All integrands below are continuous on (0, 7/2];
the only issue is the endpoint x = 0, where z/sinx — 1, so the integrand of I behaves like
log? 2, which is absolutely integrable. Hence I converges (absolutely; the integrand is > 0).

Step 1. Integration by parts

On [e,7/2] integrate by parts with

dx
2

u = z?log?(sin z), dv = v = —cotx,

sin?z’

du = (2.%' log? sin  + 222 cot - log sin x) dx.

*Problem originally posed on Mathematics Stack Exchange (question 1142705, CC BY-SA), famously
answered by user Cleo. This derivation was produced independently, offline, without access to the published
answer, as part of the Cleo benchmark.


https://math.stackexchange.com/q/1142705

The boundary term is [—22log?(sin z) cot x]g/2. At x = 7/2 it vanishes because cot(n/2) =0
(and logsin(m/2) = 0); as e — 07,

e2log?(sine) cote ~ elog’e — 0.

The two integrals produced converge absolutely (near 0: zcotzlog?sinz ~ log?z and
22 cot? xlogsin x ~ log ), so letting € — 0F,

w/2 w/2
I = 2/ zcotx log?(sinz) dz + 2/ 22 cot? x log(sin z) dz.
0 0

=K

Using cot?z = csc? x — 1 and the (separate, absolute) convergence of both pieces,

/2 /2 42 ;
/ 22 cot? zlogsinz de = / w d
0 0

w/2
T — / 22 log sin z dz,
0

sin“ x
:;J =M
so that
I = 2K +2J—2M. (1)

We now compute K, J, M exactly.

Step 2. A master formula: differentiating the Wallis integral

For #ts > —1 define p
W(s) := / sin® z dz.
0

Substituting ¢ = sin? z (so dz = %t*1/2(1 —t)~1/2dt) gives a Beta integral:
1t 11 T (=L
pwgzi/t s+ ,):lllgl
0

2 2
Next, for s € (—1,00) set

-1 1 1
2u—ﬂ2ﬁ_§d

s

w/2 s w/2 el
F(s):= / zcotz sin® xdr = / xcoszx sin® " xdx,
0 0

which converges absolutely (the integrand is ~ z° at 0). Since %sinsx = scosxsin® !z,

integration by parts on [, /2] gives

w/2 a1 ) /2 w/2 )
s/ rcosz sin® rxdr = [aj sin® x] —/ sin® z dzx.
3 € £

As e — 07 the boundary term esin®e ~ e!** — 0 (as s > —1), and all integrals converge, so

sF(s) = 5=W(s), s (-1oo) 3)
(at s = 0 both sides vanish, by W(0) = 7/2).
Smoothness of F' and differentiation under the integral. Fix 0 < o < % For |s| <o
and m € {0,1, 2,3},
e

. . P . m
‘xcotm smsxlogmsmx) < sin"?z [logsinz|",



because 0 < sinz < 1 makes s — sin®x bounded by sin™? x for s > —o, and zcotx < 1 on
(0,7/2) (since tanz > z). By concavity sinz > 2z on [0,7/2], so the dominating function
is < Ca7(|logz| + c)m near 0, which is integrable. Hence, by the standard theorem on
differentiation under the integral sign (mean value theorem + dominated convergence, applied
repeatedly), F' € C3((—o,0)) with

/2
Fm(0) = / x cot x log™ (sinz) dx, m=0,1,2. (4)
0

Matching Taylor coefficients. W is real-analytic in a neighbourhood of s = 0 (by (2):
both Gamma arguments are near % and 1, away from poles), and W (0) = m/2; hence

2-W
G(s) = T2V
s
extends to a real-analytic function near 0. By (3), F' = G on a punctured neighbourhood of 0,
and both are continuous at 0, so F' = G near 0; consequently

F(0)=G(0),  F'(0)=G"(0),  F"(0)=G"(0), ()

i.e. the integrals (4) are read off from the Taylor expansion of W at s = 0.

Step 3. Gamma-function input

1
We use the Weierstrass product m =z [, (1 + %)e‘z/ ", whose logarithmic derivative
> >
gives
I'(z2) 1 1 (m) 1
e = — — m == 1 m+1 ' > 1
¥(z) I'(z2) 7+nz>:0<n+1 n—l—z)’ Y(z) = (=)™ m! Z:O(n—l—z)mJrl (m = 1),

the series for 1™ obtained by termwise differentiation (uniform convergence on compacta
avoiding the poles). Therefore:

P(1) =~

1/)(1/2): the partial sum (n-‘rl 2n+1) Hy — (2H2N HN) =2HNx — 2Hyny —
—2In2 (byHN:lnN—i—’y—l—o( )), so ¥(1/2) = —y —2In2.

vi1) =<@) = % and $/(1/2) = >0 e (n + =43 >0 2n+1)2 =4(1- zll)C(z) = %2

« ¢"(1) = =2¢(3), and ¢"(1/2) = =230,50 1 Dy = —16(1 - §)C(3) = —14¢(3).

(Here ((2) = 7%/6 is Euler’s classical evaluation; the odd-index sums use 3 qq ,m ™M P =

(1=277)¢(p).)

Write W (s) = Ze®(®) with

u(s):lnf(8+1)—l I‘( —i—l)—%lnﬂ', u(0) = 0.
Then )
W(0) = §[w(3) — ¥ (V)] = ~In2,  "(0) = [ (3) - v'(V)] = 5,
w(0) = 4" () — (1) = -2

Exponentiating the cubic Taylor polynomial (e =1+ u + “2—2 + %3 +-0):

W(s) =

2 ln22) 9 (C(3)+7T21n2+ln32
s2 _
2 24 2 4 24 6
where the s3-coefficient is £ (u”'(0) + 3u/(0)u”(0) 4 u/(0)3).

{171n25+ ( >53+O(54)}7 (6)



Step 4. The three moments of x cotx

From (6),
Tm/2-W(s) 7 72 In%2 ¢(3) 7%ln2 In®2\ , 3
Gy = AW _mfp (2 W () w2 W2, o)
0 by (4)-(5)
w/2 In2
/ zcotadr = o , (7)
0 2
/2 3 1 22
/0 :Ecota:logsmazdm——Z—S—7r Z , (8)
/2 m,¢(3) 72 In®2 7¢(3) 2 7wln®2
= 24 =9.= =
K_/o x cot z log smxdm-2.2(4 + 51 + 5 ) 1 + o + G . (9)
Step 5. The elementary companions, and the hinted integral J
Integrating by parts exactly as in Step 1 (boundary terms vanish by the same estimates):
/2 2 w/2 /2
o With u = 22 / .xz dr = [—m2 cot x] + 2/ z cot x dx (2 7 1n 2, hence
0 sin“ x 0 0
/2 /2 3
/ x2c0t2xd$:7rln2—/ 22dz = 7In2 — . (10)
0 0 24
o With u = 2%logsinz (boundary term ~ zlogz — 0 at 0):
/2 221 w/2 w/2
J = / * ogsmac :2/ xcotxlogsin:cdw—i—/ 22 cot? x dx
Sln X 0 0 (11)
(8),(10) rln?2 73
= In2 — - —.
2 12

This reproduces the value quoted in the problem statement, confirming the machinery.

/2
Step 6. M = / 2*log sin r dr via the Fourier series of log(2sin z)
0

For 0 <z <,
2 o ir __ : i(x—7/2)
1—e™ = —-2isinxe™ =2sinzxe ,

and since 2sinz > 0, v — § € (-7, ), the principal logarithm satisfies

Log(1 — €**) = log(2sinx) + 2(:1: - g)
The series —> ;> 2F /k converges for |z| = 1, z # 1 (Dirichlet’s test, as the partial sums of
3" 2* are bounded), and by Abel’s theorem its value is lim,_,;- (— Log(1 —r2)) = — Log(1 — 2);
the limit uses continuity of Log on the right half-plane, where 1 — rz stays for 0 < r <1
because Rz < 1. Taking real parts at z = e%*:

> 2k
log(2sin ) Z i

pointwise on (0, ). (12)

Termwise integration against z2. On (0, 7) the system {cos 2kx},>1 is orthogonal with
| cos 2k |3, = 7/2; since 3 k™% < oo, the partial sums Sy(z) = Y <y % form a Cauchy

4



sequence in L%(0,7) and converge to some f € L?. A subsequence converges a.e. to f; by
(12) the full sequence converges pointwise to —log(2sinz), so f = —log(2sinz) a.e. With
¢ = xQX(OJ/Q) € L?(0, ), Cauchy-Schwarz gives

w/2 /2
/ 22y (z) de — —/ 2% log(2sin ) da.
0 0

The cosine moments are elementary: differentiating z? Si;,fk:” + £ nggk”” — Sizzfx returns
22 cos 2kz, and evaluating between 0 and 7/2 (where sin km = 0, cos km = (—1)¥),
w/2 —1)k
/0 2% cos 2kx dx = (4k)27r
Hence /2 (1)F 3
T/E T -1 T T 3 3m((3
/ a:SNdx:—Z — — =) =——--(3)=— ,
0 4 P k 4 4 4 16
using 7(3) = ZkZI(—l)k_lk_?’ = (1 —272)¢(3) (split even/odd indices). Therefore
/2 3
/0 2% log(2sinx) do = 37T1C6(3), M = 37r1<é3) —In2- 721-—4 (13)
Step 7. Assembly
Insert (9), (11), (13) into (1):
I =2K+2J—-2M
_m¢(3) 72 mln®2 5. T 3m¢(3) 7wIn2
= ( IR TR )+(2771n2—7rln2fg)7< T )
31n2 In? 2 3
= WCS) + T 4 g 422 - rh’2 - T
72 227002 (« 3 3 3
/ x log 2(81111‘) dr — w((3) LT In 2 n m1n” 2 4 orin2 — w22 - T
0 sin“ x 8 6 3 6

Numerical verification

All computations with mpmath (scripts check_main.py, check_digits.py, check_gl.py in
the work directory /tmp/claude-1000/-home-riv-Code-cleo—bench/817bd907-85a0-4bc2-a728-b3544bb304b6/
scratchpad/cleo/work/ql 142705—eva1uate—int—O—pi—2—frac—x—2—log—2—sin—x—sin—2x/).

« Main integral, tanh—sinh quadrature, mp.dps = 90, split points {0,1073,107%, 7 /4, 7 /2}:
— direct integral:

2.08084652714326246266849090286004549406212100731588547858680778590265996293 . . .

— closed form:
2.08084652714326246266849090286004549406212100731588547858680778590265996293 . . .

— | difference| = 4.9 x 107°! — agreement to 90 significant digits (full working
precision).

« Independent method: Gauss-Legendre quadrature at mp.dps = 60 on [10740 /2]
with geometric split points 10740,10739, ..., 1071, 7/4, 7/2, plus the analytic tail [; log? z dz =
e(log?e — 2loge + 2) for e = 10740 (the neglected correction is O(e®log? ) ~ 107117):
difference from the closed form = 0.0 at 60-digit precision.



o Every intermediate identity was also checked numerically at 60 digits (differ-
ences 0 or < 10761): K from (9); (8); (7); J from (11); M from (13); 5/2 r?csc? xdr =
7In2; and the master identity (3) at the off-center points s = 0.3 (agreement ~ 10~51)

and s = —0.4 (agreement ~ 10739 limited only by quadrature near the z* endpoint
singularity).
Notes

e The derivation is complete and self-contained up to the following classical facts used
without proof: the Beta—Gamma identity B(a,b) = I'(a)T'(b)/T'(a + b); the Weierstrass
product for I' (equivalently, the partial-fraction series for 1) and its derivatives); Euler’s
((2) = m2/6; Abel’s theorem on power series; and completeness of L? together with the
fact that L2-convergence yields an a.e.-convergent subsequence. All interchanges of limit
and integral are justified in the text (dominated convergence with explicit dominating
functions in Step 2; L?/Cauchy-Schwarz in Step 6), and every improper integral and
boundary term is handled by explicit asymptotics.

o The identity (3) plus the expansion (6) is the engine of the solution: it delivers all
moments fgr / 2zr:cotaclogm sinx dx at once, and in particular re-derives the value of
J quoted in the problem statement — an internal consistency check on the method,
independently confirmed numerically.

e No caveats or gaps remain; the closed form is verified to 90 significant digits by two
different quadrature schemes.



